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Abstract. Using combinatorics and character theory, we determine the im- 
primitivc faithful complex characters, i.e., the irreducible faithful complex 
characters which are induced from proper subgroups, of the Schur covers of 
the symmetric and alternating groups. Furthermore, for every imprimitivc 
character we establish all its minimal block stabilizers. As a corollary, we also 
determine the monomial faithful characters of the Schur covers. 



1. Introduction 

In his seminal paper [1], Aschbacher gives a subgroup structure theorem for 
the classical groups by defining eight collections Ci, . . . , C$ of natural subgroups, 
as well as a class S of almost simple subgroups satisfying certain 'irreducibility' 
conditions. Building on that, in [ ] Klcidman and Liebeck have determined, given 
a finite almost simple classical group G of dimension at least 13, which members 
of C\, . . . ,C% constitute maximal subgroups of G. This leaves only the maximal 
members of S to be determined, in order to obtain a classification of the maximal 
subgroups of these classical groups. 

One strategy is to determine those subgroups in S which fail to be maximal. By 
Aschbacher's theorem they are contained in maximal subgroups which lie in one of 
the collections C 2 , C4, or C 7 , or again in S (see [10, §1-2]). 

This note is a contribution to the analysis of the case C2 , as by definition of this 
collection, its successful treatment amounts to classifying all absolutely irreducible 
imprimitive representations (respectively their characters) of the quasisimple groups 
and their automorphism groups. Recall that an irreducible character % of a finite 
group G is called imprimitive, if it is induced from a proper subgroup H of G. In 
this case we call H a block stabilizer of x- 

In their articles [5] and [6], Djokovic and Malzan have already determined all 
imprimitive ordinary characters of the symmetric and the alternating groups, al- 
lowing us to focus on the faithful characters of the covers of these groups. The 
Schur covers of the symmetric groups are non-split central extensions 

1 > Z > S n > S n ► 1, 

for which the Schur multiplier Z has order two, and Z < S' n , provided n is at least 
four. For n < 4 the Schur multiplier is trivial, so let n > 4 hold throughout the 
present paper. There are two isoclinic Schur covers of <S n which are only isomorphic 
if n = 6. In this note we adhere to Schur's choice (see [14]) and consider the group 
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defined by the presentation 

S n = (z,ti, . . . ,t„_i|z 2 = \,tj — z, 1 < i < n- 1, 

{Ut l+1 ) 3 = z, l<i<n-2, 

titj = ztjti, 1 < i < j < n — 1, \i — j\ > 1} , 

i.e., transpositions lift to order four. Therefore, given the presentation 

S n = (si, . . . ,s„_i|s 2 = 1, 1 < i < n- 1, 

(s*s 4+1 ) 3 = 1, 1 <i< n-2, 

SiSj = SjSi, 1 < i < j < n — 1, |i — j\ > 1) 

of iS n , the epimorphism 6 is defined by mapping s, to i, for all 1 < i < n — 1. For 
any g £ S n we define its standard lift to 5 n to be the element which is obtained 
by replacing Si in the product expansion of g into transpositions by U for every 
1 < i < n- 1. 

Note that even though we are focusing on <S„ , we also obtain information on the 
imprimitive characters of the isoclinic group S n : By [4, Section 6.7] (see also [3, 
III. 5] for details) the characters of S n may be tensored with an appropriate linear 
character to give the characters of the isoclinic cover S n . Hence if a character of 
S n is imprimitive, so is its corresponding character of S n . 

Except for n = 6 or n = 7 the Schur covers of the alternating groups are simply 
given by the derived subgroups of the Schur covers of the symmetric groups. As 
isoclinic groups possess isomorphic derived subgroups, there is always only one 
cover up to isomorphism. Hence wc may define A n := S' n . When n = 6 or n = 7, 
the Schur multiplier of A n is exceptional: In these cases it is cyclic of order six, 
giving rise to the two non-split extensions 6Ae and 6Aj. 

Before we give the main result of this paper, let us briefly review some basic facts 
of the faithful complex characters of S n to introduce some notation in the process: 
Of course, when dealing with symmetric groups, the proper combinatorial objects 
to consider are partitions of n, whose set we denote by V n , and whose parts we 
assume to be ordered ascendingly. Furthermore, if ir G V n is the cycle type of some 
g £ S n , then we set a(g) := n — £(ir) (mod 2), where £(tt) is the length of ir. Hence, 
(— l) CT (f) gives the familiar sign character sgn, and we extend a to S n by setting 
a(g) := <r(6(g)) for g € S n . Also note that, as A n is the full fl-preimage of the 
alternating group A n , we have ker a = A n . For any subgroup G of S n containing 
the center Z the set of its ordinary characters faithful on Z is denoted by Irr_(G), 
and the elements of Irr_(5„) and Irr_(^4 ra ) are called spin characters. The spin 
characters of S n are parameterized by strict partitions, i.e., by partitions of n all of 
whose parts are distinct. We write V n for the set of strict partitions of n, T>+ for all 
even strict partitions, and T>~ for all strict partitions which are odd. Given A G T> n 
we denote the corresponding spin character by <A>. If A is an odd partition, it 
gives rise to two associate characters <A> and <A> a := sgn <X> <A>. 

With a minimum of notation in place, we can now state our result on the im- 
primitive faithful ordinary characters of S n and A n - We do so by giving all triples 
(H,tp,x)i where x is an imprimitive faithful character of G G {S n ,A n } such that 
X = fl for some <p G Irr_(J?) and H < G is a subgroup minimal with this prop- 
erty, i.e., H does not properly contain a block stabilizer of x- I n t ne following, we 
refer to such triples as minimal triples. 
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Theorem 1.1. For S n the minimal triples (H,tp,x) are the following: 

(i) H = A n , <p is a constituent of <X>1^ for some A S X>+ and x = <X>, 
except when n — 6 and X = (4, 2), or n = 9 and A = (6, 2, 1). 

(ii) H = S n -i, ip = <n> for fi = (m, m — 1, . . . , 1) £ T> ~_ x with m = 2, 3 
(mod 4) , and x = <A> ura'tt A = (m + 1, m — 1, m — 2, . . . , 1) G X>+. 

(iii) For n = 6 we have H = 3 2 : 8, ip is an extension of either linear character 
of order four of the subgroup 3 2 : 4, and x = <4, 2> is i/ie unique spin 
character of degree 20. 

(iv) For n = 9: if = 2 x L 2 (8): 3 ; <p is a linear character of order six, and 
X = <6, 2, 1> is the unique spin character of degree 240. 

Theorem 1.2. For A n the minimal triples (H,ip,x) are as follows: 

(i) H = A n -\, if is either constituent of<fX>l^ for fi = (m, m— 1, . . . , 1) € 
P„_x and x = <A>|j; n iwtft A = (m + 1, m — 1, . . . , 1) € V~ . 

(ii) n = 6: H = 3 2 : 8, 95 is an extension of either linear character of order four 
of the subgroup 3 2 : 4. Both linear characters have a pair of extensions in 
H. The members of each pair induce to the constituents 0/ <4, 2>|^ , i.e., 
the two faithful characters of degree 10. 

(iii) n = 9: H = 2 x i 2 (8): 3, taking if to be one of the irreducible linear 
characters of order six of H gives either of the two faithful characters of 
degree 120, i.e., x * s a constituent 0/ <6, 2, l>j^ g . 

The proofs of Theorems 1.1 and 1.2 are given in Sections 4 and 5. At the end of 
Section 5 we also classify the imprimitive faithful characters of the exceptions 6A§, 
6VI7, ZA§ and 3147 (see Theorem 5.8). 

Our strategy is as follows: We begin in Section 2 by determining the proper sub- 
groups of S n and A n which are viable candidates for block stabilizers. Of course, 
by transitivity of induction, it is sufficient to restrict our attention to maximal sub- 
groups. As these are 0-preimages of maximal subgroups of S n or A n , they form 
three classes of subgroups, distinguished by the type of the natural action of their 
image under 0: We analyze intransitive, imprimitive and primitive subgroups sep- 
arately. For the first two classes this analysis is straightforward, shortening our list 
of viable candidates considerably for the imprimitive subgroups. For the primitive 
subgroups, whose classification in general is still open, we make use of a classifica- 
tion by Kleidman and Wales in [11], who determined the primitive subgroups of S n 
whose order is at least 2" -4 . 

In Section 3 we lay the combinatorial foundations needed to successfully tackle 
the double covers of the symmetric groups: The main tools are the Branching 
Rule and an analogue of the Littlewood-Richardson rule for spin characters due to 
Stembridge (see [15]). The latter provides a means to describe the constituents of a 
faithful character induced from a maximal intransitive subgroup of S n (Stembridge 
refers to such a character as a projective outer product). 

With the combinatorics in place, in Section 4 we complete Bessenrodt's classi- 
fication of the projective outer products which are multiplicity free (see [2]) with 
a result of the first author's diploma thesis [13]. As a consequence we obtain the 
imprimitive characters of S n whose block stabilizers are maximal intransitive sub- 
groups. Furthermore, this information is used to analyze the situation for imprim- 
itive subgroups of S n - Together with character theoretic arguments and Clifford 
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Theory we are able to classify the imprimitive characters induced from maximal 
imprimitive subgroups. 

In Section 5 we employ Clifford Theory again to apply our results of the previous 
section to the double covers of the alternating groups. Lastly, we deal with the 
exceptional Schur covers 6146 and 6A7 with the help of the ATLAS [4] and some 
GAP-calculations (see [7]). The triple covers 3Ae and 3Ar are also considered. 

2. Reductions 

In order to determine the imprimitive irreducible characters of any finite group 
G, it is sufficient to consider the irreducible characters of its maximal subgroups, 
and single out those which induce irrcducibly. To this end let us begin by stating 
two results which allow us to narrow down the list of subgroup candidates for block 
stabilizers in G. First, by Lemma 2.1 the orders of the candidates must not be too 
small. 

Lemma 2.1. Let G be a finite group, H < G and x € lrr(H). If \G : H\ 2 > \G\, 
then xf 3 is reducible. 

Proof. Since xt^l) = x(l)|G : H\, the hypothesis forces xY 3 ^) 2 > \G\, hence xf 3 
cannot be irreducible. □ 

Secondly, the following consequence of Mackey's Theorem, which is already used 
implicitly in [5, 6], enables us to eliminate candidates, too. 

Lemma 2.2. Let G be a finite group, H < G and x € Irr(-ff). If there exists a 
non-trivial element t S G which centralizes H 1 n H , then xf 3 "is reducible. 

Proof. Let M be the C-ff-module affording Xi an d consider the endomorphism ring 
E := EndcG^/f 3 )- By adjointness and Mackey's Theorem we have 

dim_E = dim (J) Hom c(i/Bni/) {M[ H y nH , M y i H y nH ) . 

\ V eH\G/H J 

By the hypothesis M'J, ff t nff = M{ H t nH , thus taking one of the double coset repre- 
sentatives to be t, we obtain 

dim-E = 2J dimRom c{H y nH) (Mi H y nHl M v i H y nH ) 

y€LH\G/H 

> dimEnd c _ ff (il/) + dimEnd c(H t nff) (M| H t nff ) 

> 2. 

□ 

From now on let G = S n or G = A n . As the maximal subgroups of G are the 
preimages under 9 of the maximal subgroups of 0(G), we construct our list of viable 
candidates by considering subgroups of the symmetric and alternating groups first. 

The subgroups of iS„ and A n fall into three main classes distinguishable by the 
type of their natural action on the set {1, . . . , n}: The intransitive subgroups, the 
subgroups which are imprimitive and transitive, and those which act primitively. 

The intransitive maximal subgroups of S n are the maximal parabolic subgroups 
isomorphic to a group of the form iS; x S n -i for 1 < I < |_f j ■ As every intransitive 
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subgroup of An is contained in an intransitive maximal subgroup of S n , the intran- 
sitive maximal subgroups of A n are given by (Si x S n -i) (~1 A n - Hence we obtain 
the following lemma. 

Lemma 2.3. Let H be a maximal subgroup of G such that 0(H) acts intransitively, 
then H is the preimage of (Si x S n —i) D 0(G). 

The imprimitive and transitive maximal subgroups of S n are of the form S n /klSk 
for 1 < fc < L§J with fc I n. Again as every imprimitive and transitive subgroup 
of A n is contained in an imprimitive and transitive maximal subgroup of S n , the 
imprimitive and transitive maximal subgroups of A n have the form (S n /klSk) C^A n , 
where k is as above. However, not all of these maximal subgroups are viable 
candidates, as we can rule out the majority of cases with the help of Lemma 2.2. 

Lemma 2.4. If H is the block stabilizer of some irreducible and imprimitive char- 
acter x G Irr(G), and H is the preimage of a transitive and imprimitive maximal 
subgroup of G, then n is even and H is the preimage of (<S„/2 I S2) H 0(G). 

Proof. Assume n — kl and let H be the preimage of (Si lSk)<~) 0(G) for some k > 3. 
Without loss of generality let Bi := {(i — 1)1 + 1, . . . ,il} for i = 1, . . . , k be the blocks 
of the action of 0(H) on {1, . . . , n}. Furthermore, let t := (1, 1 + 1,21+1) G 0(G). 
Then the centralizer of 0(H) 1 n 0(H) in 0(G) contains t. As the order of t is 
odd, there exists an element t 6 O^ 1 ^) which is of odd order, too. Now, for any 
h G C G (H l R H) we have 9{h l ) = 0(h) 1 = 0(h), and hence h l G {h,zh}. By 
our choice of t, we conclude h* = h, i.e., the element t centralizes CoiH* n H). 
Therefore Lemma 2.2 gives the claim. □ 

In the case of a primitive action, for our treatment when n > 5 we employ a 
classification of the primitive subgroups of S n which do not contain A n , and whose 
order is at least 2™ -4 . This is provided by Klcidman and Wales in [11, Proposi- 
tion 6.2] on the basis of the O'Nan-Scott Theorem (see, for example, [12]). Together 
with Lemma 2.1 we can derive the following result on irreducible characters induced 
from primitive subgroups. 

Lemma 2.5. Let H ^ A n be the preimage of a primitive subgroup of G such that H 
is the block stabilizer of some irreducible and imprimitive x G Irr_(G). Then n = 9 
and H = 2 x L2(8) : 3. Let <fi and <f>' denote the two linear irreducible characters of 
order six of H . For G = A9 we obtain x — <P\ or X — ^'Y^ an< ^ f or G = Sg we 
obtain x = 01° = ^'f 3 ■ 

Proof. If n = 4 then it is easily verified that no maximal subgroup of G fulfilling the 
hypothesis is primitive. Therefore let n > 5, and we commence by considering the 
case \0(H)\ > 2 n ~ 4 . Let G = S n . With the help of Lemma 2.1 we can work through 
the list of [11, Proposition 6.2] and verify for most groups that they are not block 
stabilizers of some x G Irr_(G). There remains a small list of groups for which we 
have to take a closer look. These are the preimages of A5 and S5 for n = 6, L2(7) 
for n = 7, 2 3 : L 3 (2) and L 3 (2).2 for n = 8, 3 2 : S 4 and L 2 (8): 3 for n = 9, M n for 
n = 11, and finally Mi 2 for n = 12. Except in the case L 2 (8): 3 for n = 9, the 
character table of G shows that there is no spin character whose degree is divisible 
by the index of the given groups in S n (which of course is the index of the respective 
preimage in G). The preimage of L 2 (8): 3 is the subgroup 2 x L 2 (8): 3 < G. Its 
commutator factor group is cyclic of order six, and with the aid of GAP we verify 
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that the inflation of its two faithful characters induce irreducibly to give the same 
character of G. 

Let G = A n . As the primitive subgroups of A n arc obtained by intersection 
those of S n with A n , we may argue as in the case G = S n by going through the 
corresponding subgroups of A n using [11, Proposition 6.2]. Again only the subgroup 
2 x L*2(8) : 3 which is maximal in Ag gives rise to two irreducible and imprimitive 
characters of A$: Here both inflated faithful characters of the commutator factor 
group induce to two non-isomorphic characters. 

On the other hand, if \H\ < 2"~ 4 , then as \H\ 2 < \G\ for both G = S n and 
G = A n , we have \G : H\ 2 > \G\, and no such group is a block stabilizer of some 
irreducible and imprimitive \ G Irr(G) by Lemma 2.1. □ 

If G = S n Lemma 2.5 leaves the case H = A n , i.e., it remains to decide which 
characters of S n are induced from A n - But this is well known (see, for example, [S, 
Theorem 4.2]): A spin character <A> G Irr_(<S„) is induced from A n if and only if 
A is an even partition. Therefore we will not concern ourselves with it any further 
in the sequel. 

3. Combinatorics 

In this section we establish the combinatorial framework needed in Sections 4 
and 5. We fix the notation and for the convenience of the reader we collect the 
necessary theorems on which further proofs are based. 

One of them is the Branching Rule for spin characters. To state it and to provide 
further notation which will be useful for some arguments used in Sections 4 and 
5, we have to describe possible enlargements of partitions. Therefore for a strict 
partition A of n, let N(X) be the subset of 2? n +i consisting of all partitions which 
can be obtained by adding 1 to one of the parts of A. If A does not contain 1 as a 
part, let A + := A U (1), where for two partitions A and ll we denote by A U n the 
partition obtained by forming the union of both sets of parts. Note that A + is not 
in -/V(A). Furthermore defining 

I <«>, if u is even, 

<At> = < 

y<Li> + <Li> a , if li is odd. 

for a strict partition /x, allows us to state the Branching Rule for inducing spin 
characters from S n to iS n +i. 

Theorem 3.1 ([8, Theorem 10.2]). Let X be a strict partition of n. Then 

<\>f^ = (i-s 1Mw )<\+>+ J2 <^>*- 

fj,eN{\) 

An analogous formula holds for the associate character <\> a . In this case the 
character <A + > is replaced by its associate. 

As stated in the previous section, in Section 4 it will be important to consider 
the spin characters of the subgroups 6~ 1 (Si x S n -i) for 1 < I < n — 1. By [15, 
Theorem 4.3] every irreducible spin character of 9~ 1 (Si x S n -i) is a reduced Clifford 
product <ll> £3>2 <v> (see [15, Section 4] for a definition) for two strict partitions 
/i G T>i and v G The character values of <fx> ® z <v> are readily determined 

from the values of <//> G Irr_((Sj) and <v> G Irr_(6>„_;) (see, for example, [8, 
Table 5.7] for a tabulation). 
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The projective outer product is then simply defined to be the induced character 

<H><g><v> := (</i> ® z <v>)f n . 

To decide which projective outer products are irreducible, we need information 
on their constituents. Thanks to the work of Stcmbridge in [15] these may be 
determined by an analogue of the Littlewood-Richardson Rule (see [9, 2.8.13]) for 
spin characters. In order to state this rule, we have to expand a little: 
To a partition A £ T> n we associate a shifted diagram 

5(A) = \l<i< £(X), i<j<Xi + i-l} 

whose elements we interpret as coordinates in a matrix style notation. Let A' = 
{1' < 1 < 2' < 2 < . . . } be an ordered alphabet. The letters 1', 2', 3', . . . are said 
to be marked, the others are unmarked. We write A for the set of unmarked letters 
of A'. A shifted tableau T of shape A is a map T : 5(A) — > A' satisfying 

(1) T(i,j) < T{i + 1, j) for all i,j with (i + £ 5(A); (nondecreasing 
columns) 

(2) T(i,j) < T(i,j + 1) for all i,j with (i,j + 1) £ 5(A); (nondecreasing 
rows) 

(3) every k £ {1, 2, . . . } appears at most once in each column of T; 

(4) every k' £ {1', 2', . ■ ■ } appears at most once in each row. 

The content of T is a sequence of integers (c±, C2, . . . ), where c& counts the number 
of nodes £ 5(A) such that T(i,j) is k or k'. 

For two strict partitions A and fj, with 5(/i) C 5(A) the skew shifted diagram 
S(X/fi) of shape X/fi is the set 5(A) \ 5(/x). The corresponding skew shifted tableau 
of shape Xj \i is given by restricting the shifted tableau of shape A to this set. 
Reading the rows of a (skew) shifted Tableau T from left to right and from bottom 
to top, gives its tableau-word over A' . 

We now count the number of skew shifted tableaux of shape A//i with content 
v whose words are such that for all a £ A the leftmost letter of {a 1 , a} in w is 
unmarked, and which fulfill a set of further combinatorial conditions (called the 
lattice property) as detailed in [15, Section 8]. For brevity, we say that such a 
tableau satisfies (TP). 

Denoting the number of tableaux of shape Xj \i with content v satisfying (TP) 
by st(A; \i, v), and setting 




1, if a is even, 
y/2, if a is odd. 



for a partition a, allows us to finally state the Littlewood-Richardson Rule. 

Theorem 3.2 ([15, Theorems 8.1, 8.3], [8, Corollary 14.4]). Let fj, £ T> h v £ X>„_ ; 
and X £ T> n . Then we have 

(*) ( <Ai >®<^>, <A>) = - J_2s('(m)+<M-'(A)) st(A . ^ ^ 

unless X is odd and equal to fiUv. In this case, either <A> or <X> a is constituent 
of </i>d><^> with multiplicity 1. If £(X) > £(p,) + £(u) then st(A; /i, v) is zero, and 
<X> is not a constituent. 
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4. The Symmetric Groups 

In this section wc determine the irreducible spin characters of S n which are 
induced characters of proper subgroups. 

In Section 2 we gathered that there are two types of subgroups left to consider: 
On the one hand, by Lemma 2.3, there are the preimages of the maximal parabolic 
subgroups of <S„, i.e., subgroups of the form Si. n -i := 0~ 1 (Si x 5„_;). On the other 
hand there are the subgroups S n -.2 '■= 8~ 1 {S n /2 I S2) of Lemma 2.4. 

4.1. Characters Induced from Si. n -i- Let us begin by considering spin charac- 
ters induced from subgroups of the first type. In other words, given two irreducible 
spin characters </i> G Si and <v> G S n —U we have to determine if their projective 
outer product <fi>®<h>> is again irreducible. To decide this question, we make 
use of a classification of the multiplicity-free projective outer products of two spin 
characters which is mainly due to Bessenrodt. 

To this end we need the following notation: A staircase is a partition of the 
form (k, k — 1, . . . , 2, 1), for some k G N. A fat staircase is a partition of the form 
(k + r, k — 1 + r, . . . , 2 + r, 1 + r) for some k G N, r > 0. In particular, a staircase 
is also a fat staircase. A hook staircase is the concatenation of a fat staircase and 
a staircase (where one of them may be empty). 

In [2, Theorem 3.2] Bessenrodt determined almost all multiplicity-free projective 
outer products of <S„. Together with the first author's diploma thesis, this leads to 
the following theorem. 

Theorem 4.1. Let fj, and v he strict partitions of I and n — I, respectively. The 
projective outer product <pL>®<v> is multiplicity-free if and only if it is as in one 
of the following cases: 

(i) <something>(g)<l>. 

(ii) <hook staircase><8><2, 1>, and the hook staircase is in T>^_ 3 . 

(iii) <staircase>®<m> for m G N. 

(iv) <staircase>£g)<m — 1, 1> for m G N, m > 3, such that the staircase and 
(m — 1, 1) have different signs. 

(v) <staircase>£§><m + l,m> for m G N, and the staircase is in £>^_( 2m +i)- 

(vi) <fat staircase><X><TO> for m G N, m > 1, such that the fat staircase and 
(m) have different signs. 

While the proofs of cases (i) to (v) of Theorem 4.1 were established in [2], the 
proof of case (vi), which we present here, was first conceived in [13]. 

Proof. Let /j, = (/ii, . . . , fJ,e(u)) an d v — (fx, . . . , v^m) be strict partitions, and 
assume without loss of generality that £(fi) > l(y). Then the partition 

A = \x + v = + vi , . . . , /x^) + i/^(„) , He.{y)+i , • . . , /^O)) 

yields a constituent of </i><8><^>, and the factor 2^^^ +t ^~^ X)S) in formula 
(*) of the Littlewood- Richardson rule simplifies to 2^^ u \ Now, assuming that 
<fi><E)<i'> is multiplicity-free, and since there is exactly one tableau of shape A//x 
with content v, the factor 2^ u > is at most two, and therefore 1 < l(y) < 2. 

Also, as </i><E)<i/> is multiplicity free, the inequality st(A;/i,^) < 2 holds 
for all A G V n . In particular, if we have st(A;/x, v) < 1 for all A G V n , then 
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one of the cases (i)-(v) of Theorem 4.1 applies, and we are done by [2, Theo- 
rem 3.2] . Thus we consider the previously untreated case that there exists a Ao G D n 
such that st(Ao;/x, ^) = 2. This implies that the coefficient of (*) simplifies to 
_i_ 2 i«M)+^)-f(Ao)) = |, and hence ^(A ) = t(ji)+£(v) and e Xo = e^ v = y/2, 
i.e., the partitions fi and v have different signs. 

Let us assume £[v) = 2. If /_i is a staircase or v = (2, 1), there is no partition A 
with st(A; /i, v) > and £{\) = £(fi) + 2. On the other hand, if /j is not a staircase 
and v 7^ (2, 1), there exists a partition A with st(A; /j, v) > 2 and £(X) < £(fi) + 2, 
giving (<A>, <[i>®<v>) > 1. 

Therefore we conclude £(y) = 1, and we may assume that we are not in one 
of the Cases (i) to (v). In particular, we can assume that \i is not a staircase. 
Now, if yu i+ i + 1 < /ij for some i < £(fi), there exists at least one partition A 
with st(A; \x, v) > 2 and £(X) < £{y) + 1, again giving rise to constituent whose 
multiplicity exceeds one. Thus y, has to be a fat staircase, and we are in case (vi). 

For the converse, it is easy to see that in Cases (i) to (vi) the projective outer 
product <[i>®<v> is multiplicity-free. □ 

As a corollary to the Branching Rule 3.1 and the previous theorem, we can now 
determine the irreducible projective outer products <[i>®<v> . 

Lemma 4.2. Let ji G T>i and v G D n -i- 

(a) If I = n — 1, then the spin character </i><g><l> = </i>| xS ™ is irreducible 
if and only if /i = (m,m — 1, 1) for some m G N with m = 2 or 
3 (mod 4). In this case we have /i G D^-i an d <M>T S " = <A> with 
A = (m + l,m- l,m-2, ...,1) eV+. 

(b) If n — I and I are larger than 1, then <^>®<v> is a reducible character 
of S n . In particular, <^>®<v> contains (at least) two non-associate ir- 
reducible constituents, except when the partition /i = (m,m — 1, . . . , 1) is 
an even staircase and v = (2, 1). In this case <[i>®<v> = <A> + <A> a 
with A = (m + 2, m,m — 2, . . . , 2, 1). 

Proof, (a) Let </i> be a spin character of 6>„_i such that </i>^ 5 ' 1 = <A> is 
irreducible. Then in the terminology of Theorem 3.1 we have |-/V(/_t)| = 1 and 
M£(m) = 1; i- e -' V" = ( m i m ~ 1 , . . . , 1) for m = £(fi). Since <A>* appears as a 
summand in <//>'f s " by the Branching Rule, we have A G T>^ and hence \i G T>~_ 1 . 
It follows that A = (m+1, m—1, m—2, . . . , 1). Since n = i * = m(m+l)/2+l 

and Ti — 772 = 777,(777 — l)/2 + 1 is even, m is congruent to 2 or 3 modulo 4. 
(b) We consider the Cases (ii)-(vi) of Theorem 4.1. 

Case (ii): Let /j, G T>£_ 3 be a hook staircase and v = (2,1). We write [i = 
/jW U /i' 2 ' for a fat staircase /j,^ = (fc + r, k — 1 + r, . . . , 1 + r) and a staircase 
/j/ 2 ) = (777, 777 — 1, . . . , 1). Note that one of these parts may be empty. If is not 
empty then r > 1; If both fjP^ and yS 2 ^ are non-empty then /jj^ = 1 + ?' > 777 + 1 = 

Mi 2) + 1. 

Assume that /jW is not empty and let k > 2, then the spin character <A> is a 
constituent of </j>®<2, 1> for 

(a) A = + 2, + 1, /4 1} , . . . ), and 

I'M A-f„ (1) ^9 „ (1) „ (1) „ (1) „ (2) + l „ (2) „ (2) „ (2 h 

(with A = (/i^ + 2, /i^ + 1, $\ . . . , $\ 1) if ^ is empty). 
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Let fc = 1, i.e., fiP-' = (r + 1). If is not empty, then the spin character <A> 
for A as in (b) above is again a constituent of </z><8><2, 1>. Furthermore, <A> 
with A = {[i-p + 1, Hi +1, ii\ \/4 ) • • • i ) is a constituent, too. If jit^ is empty, 
the characters </4 + 2, 1> and </4, + 1, 2> are constituents of <ju>£§><2, 1>. 

Now assume that /j> is empty. Let fi = /•* = { m , m — 1, . . . , 1) be an even 
staircase. Hence m is congruent to or 1 modulo 4, and therefore m > 4. In this 
case only A = (m + 2, m, m — 2, . . . , 1) yields a constituent of the outer projective 
product. The corresponding spin character <A> is not self-associate and therefore 
we have <^>®<2, 1> = <A> + <A> a . 

Case (hi): Let /j, = (fc, fc — 1, . . . , 1) be a staircase and v = (m) for k and to > 1. 
In this case, the partitions (fc + m, fc — 1, . . . , 1) and (fc + m — 1, k, k — 2, . . . , 1) yield 
two non-associate constituents of </i>Cg)<TO>. 

Case (iv): If [i = (fc, k — 1, . . . , 1) is again a staircase with k > 1 and f = 
(to — 1, 1) for m > 3, then the two partitions (fc + m — 1, fc, fc — 2, . . . , 1) and 
(k + m — 2, k + 1, fc — 2, . . . , 1) yield constituents of <^><XKto — 1, 1>. 

Case (v): Let = (fc, fc — 1, . . . , 1) be an even staircase and v = (m + 1,to) 
for m > 1 (we have already considered the case v = (2,1) and /i a staircase). 
By the same argument as in Case (ii) above, we have k = or 1 (mod 4). Since 
fc > 1, this implies k > 4. The partitions (fc + m + 1, (k — 1) + m, k — 2, . . . , 1) and 
[k + m + 1, + m — 2, — 1, k — 3, . . . , 1) yield constituents of the projective outer 
product </i>(g)<TO + 1, m>. 

Case (vi): Let /i = (k + r, k — 1 + r, . . . , 1 + r) be a fat staircase for some fc, r > 1 
and = (to) for some m > 1. Then the partitions (fc + r + m, k — 1 + r, . . . , 1 + r) 
and (fc + r + m — 1, fc — 1 + r, . . . , 1 + r, 1) yield two non-associate constituents of 
<H><S)<v>. □ 

4.2. Characters Induced from S n -2- We will now consider the imprimitive and 
transitive subgroups S n: 2 o£S n . Let n = 2m, where to > 2. The subgroup S m , m has 
index two in S n: 2, and therefore the irreducible characters of S n: 2 may be determined 
through an elementary application of Clifford Theory. Every irreducible character 
of S m ^ m gives rise to one or two irreducible characters of S n: 2, and all irreducible 
characters of S n: 2 arise in this manner: A character is either invariant under the 
conjugation action of S n: 2 and thus possesses two distinct extensions to S n -,2, or its 
inertia subgroup is <S mjm and the character fuses with its conjugate to give a single 
irreducible character of S n -2 by induction. 

For <h>, <v> £ Irr_(<S m ) let (<^>®z <v>) + and (<^>® z <v>)~ denote the 
two distinct extensions of the reduced Clifford product </i> ® z <v>, if the latter 
is invariant. Analogously, we denote by (<fi> ®z <^>)° the irreducible induced 
character (<fi> ®z <^>)t S " 2 , if <H> ®z <v> is not invariant. 

The following hrst result is immediate. 

Corollary 4.3. Let (</i> <S) Z <v>)° G Irr_( l S n: 2). Then the induced character 
(</i> ® z <i^>)°t S " is always reducible. 

Proof. This is a simple consequence of Lemma 4.2 and the transitivity of induction. 

□ 

The analysis if either of the characters (</i> ® z <v>) + and (</i> ® z <v>)~ 
induces irreducibly to S n is slightly more involved. As both are extensions of an 
invariant character of S„ hm we will determine these first. 
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Let 5{i t .,. jTO } := (si, . . . , s m -i) and «S{ m +i,... 1 2m} := ( s m+i, ■ ■ ■ , sam-i)- The 
image of <5>„ : 2 under 6* is isomorphic to (5{i,... >m } x «S{ m +i,—>2m}) x ( T )i f° r which 
the action of r induces the outer automorphism which maps Sj to Sj+ m , if the 
indices arc taken modulo m. Let r denote the standard lift of r in S n . Then a 
character of S m ^ m is invariant under the action of S n: 2 if and only if it is invariant 
under conjugation by f . Therefore we consider the action of f on the conjugacy 
classes of S m . m . 

As Utj = ztjti for \i — j\ > 1, any element y of S mtm may be written as a 
product gh for some g G <5>{i m i := (ii, . . . , t m -i) and h G <5>{m+i,....2m} := 
(i m +i, . . . ,t2m-i), and we have g/i = z"^ 9 ' a ^ h 'hg. If the two elements ?/ and zy 
are not conjugate in S mym , the full preimage of 9(y) Sm m is the union of the two 
classes containing y and zy. In this case we say that the conjugacy class of 8(y) 
splits, or that the classes of y and zy are split. As a class of S m x 5 m is naturally 
parameterized by a pair (7r, /x) of partitions of m, the class y Sm m is therefore also 
parameterized by (ir, /j,), if the cycle types of 6(g) and 8(h) are 7r and /i, respectively. 
By a slight abuse of notation we denote conjugacy classes by their parameters. If 
there are two classes with the same parameter, as is the case for split classes, we 
affix subscripts to distinguish them. 

We begin by determining the classes of S m x S m which split. Let O m denote the 
set of all odd part partitions of m. 

Lemma 4.4. A class (tv,h) of S m x S m splits if and only if (7t,/k) is an element 
ofO m x O m , V- x V+, or V+ x V~. 

Proof. If (-7T, fi) € O m x O m , then 8(gh) has odd order. Hence we may assume that 
gh has odd order, too. For any y G 8 1 (Cs m xs m (^(gh))) we have that (gh) v G 
{gh,zgh}, so as the order of gh is odd, we conclude (gh) v = gh. Therefore the 
centralizer of gh in S m . m is the full preimage of Cs m xS m (6(gh)) and the class of 
0(gh) splits. 

If (tt, fi) G x X>+, then 7r possesses an odd number o of even parts, and fi 
has an even number e of even parts. For i = 1, ... , £(ir) let C Ti G <S{i,. m } denote 
a lift of a 7Ti-cycle. Likewise, for j = 1, . . . , £(/i) let C Mi G iS{ m +i,....2m} be a lift of 
a ^j-cycle, and set g := C 7ri ■ ■ ■ C 7re(7r) and h := C Ml • • • C M£((j) . If 7i"i is odd, then 
C Ki gh = ghCi Xi , and if i^i is even, we have C-^^h — z°^ e ~ x ghC Vi = ghC^, as 
o + e — 1 is even. Thus CV; e Cj (g/i) for all i = 1, . . . ,£(ir). The same holds 
for all C flj , j = 1, . . . , £(fJ.). Therefore Cg (gh) is again the full preimage of the 
centralizer of 6(gh), and thus the class of 0(gh) splits. 

Interchanging the roles of tt and \i above, yields the result for (n, //) G x D~ . 
By [8, Theorem 5.9] there are exactly \T> m \ 2 + 2|2?+||2?~| splitting classes. As 
\O m \ = \D m \ we are done. □ 

In order to give the action of f on the conjugacy classes of S m ^ m , we first study 
its effect on the generators t\, . . . , t m _i, £ m +i, ■ ■ ■ , ^2m-i of 5 TO;m . Note that the 
group S m ^ m also possesses the outer automorphism which maps ti to ti +m where 
the indices are again taken modulo m. There is a subtle difference between the 
actions of f and i depending on the parity of m. 

Lemma 4.5. Let 1 < i < m — 1. Then t\ = z m ti +m and tj +m = z m ti. 
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Proof. For 1 < k < m we set 

ffc '■= tk+m-ltk+m-2 ' ' ' tk+ltktk+1 ' ' ' tk+m-itk+m-l ■ 

Then f = T\ ■ ■ -r m . First note that we have f%fj = zfjf, for all 1 < i,j < m: The 
element 9{hfj) ofS„ has cycle type (2 2 , l 2 ™" 4 ) ^ C>„UX>~. Thus nfj is conjugate to 



tit^ and therefore has order four. This yields fjfj = zf^f^, which is zfjfi as every 
ft is the product of 2m — 1 factors. Using the relations given in the presentation 
of S n we obtain f ~~ tjT = z m f .+ifitjfjfj+i for 1 < i < m — 1. Further meticulous 

^ ~m~ — 2-a ~2 



applications of the these relations give that the latter is equal to f 1 t i f — z m ti 
as claimed. Therefore the equation f ~ 1 t i+m f = z m T~ 2 t i f 2 = z m ti follows, too. □ 



Lemma 4.6. Let i denote the automorphism of S m ^ m taking U to ti +m (where 
the indices are taken modulo 2m). In other words, for g G <S{i m} an d h G 
5{„ i+ i 2m} we have {gh) L = z a ^ 9 ' rT ^ 1 ' h L g b . Hence i maps the conjugacy class 
containing the standard lift of 6{qh) to the conjugacy class containing the standard 
lift of9(h'g l ). 

Proof. For a non-split class the assertion is clear. Let gh lie in a split class, and 
without loss of generality assume that gh is the standard lift of 9{gh), i.e., cither 
both g and h are the standard lifts of 9(g) and 9(h), or both are not. The same 
holds for the image under t: By the definition of i both g L and h L are standard 
lifts if and only if both g and h are standard lifts. Now as the element 9(gh) lies 
in a conjugacy class of S m x S m with parameter (tt, fx), where (n, fi) is an element 
of either O m x O m , V~ x £>+, or V+ n V~, we have that a(g) = or a(h) = 0. 
Therefore (gh) c is the standard lift. □ 

Corollary 4.7. For a splitting class of S m x S m denoted by its parameter (ir,n) 
let (-7T, fx)\ be the class of 5 m<TO containing the standard lift gh of the canonical 
representative 0/(71",//). Accordingly, let (11,(1)2 denote the class containing zgh. 

If m is even, then (ir, j£)\ = (fi,n)i. 
If m is odd, 



(fj,, 7r)i, if (ll, fl) € O m X O rn , 

(fi, tt) 2 , if (tt, fi) G 2>~ x 2?+ or 2?+ x 2?„ 



Proof. If m is even, then by Lemma 4.5 we see that f and l act identically, and 
Lemma 4.6 gives the claim. If m is odd, by Lemma 4.5 we have 

(gh) f — z CT (9)+ <T (f' <T (' l )+ <T (' 1 )/i t t . 

Thus if gh G (tt, fi)i for (tt, fi) G P~ x 2?+ or x 2?~ , then (gh) T — zh 1 g L . Hence 
by Lemma 4.6 we have (gh) T = z(gh) L G (/x, 77)2- □ 

Summing up, we can give the action of f on the irreducible characters of S m>m 
as follows: 

Corollary 4.8. For \ G Irr_(5 mim ) the action of f is given by 

f J X 1 1 if m is even, 
^ 1 (x L ) a ? if m is odd. 

Proof. This is now immediate by Corollary 4.7. □ 
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With the action of f on Irr_(5 7Ti , m ) known, it is easy to determine which char- 
acters are f -invariant. 

Corollary 4.9. Let fx, v G T> m . Then <fx> ® z <v> is f -invariant if and only if, 
fx = v. 

Proof. Let x '■= <M> ®z <v>, then by Corollary 4.8 we have x r |kcrcr = xUkera 
independent of the parity of m. If x is f -invariant, this implies (<fJ.>® z <^>)ikcr a = 
(<u> ® z <^>)4kcr(T- We may now argue as in [8, proof of 5.9]: From the character 
values of the reduced Clifford product (cf. [s. Table 5.7]) it follows that <^>|kcro- = 
<J y >lkor<T- Hence <li> = <v> or <fi> = <v> a , so fx = v. 

The converse follows from the fact that for any spin character </i> G Irr_(<S TO ) 
the reduced Clifford product <fx> <S> Z <fx> is self-associate. Hence it is f- invariant 
by Corollary 4.8. □ 

Having the S„- 2 -invariant characters of S m ,m at our disposal, we can study their 
behavior under induction. 

Lemma 4.10. Let x G L~r_ (iS TOjTO ) be invariant under the conjugation action of 
S n -2, and let xt 5 " 12 = X + + X~> where x + ,X~ € Irr_(<S n: 2) are two extensions of x- 
Then for all g G S n we have X + n"(g) = x T"(s)i except possibly when 9(g) has 
cycle type 2n G 2?~. In this case X~^ Sn {9) = X + T Sn ( z g) = ~X + l Sn (g) ■ 

Proof. Let C denote a conjugacy class of S n - The value of xT" 011 C is determined 
by the values of x + on the conjugacy classes of S n: 2 lying in C . The inner and outer 
classes do not interfere in the following sense: If there are outer classes of S n -.2 lying 
in C, then the character value of x^T 5 " on C depends only on the values of x + on 
these outer classes. To this end let (jr, fx) denote an inner class of S n -.2 fusing via 
induction to S n into C. As by [!), 4.2.17] the outer classes are parameterized by 
2V m , we conclude that both tt and fx only consist of even parts. By [8, Table 5.7] x + 
may only assume nonzero values on (tt, fx) if both partitions are even. Furthermore, 
setting x = <A> <E> Z <A>, its value on (tt, fx) is up to a constant the product of the 
values of the spin character <A> G Irr_(«S m ) on the corresponding classes of S m 
with parameters tt and fi. Since a spin character of S m only takes nonzero values 
on classes parameterized by elements of O m or 2?~ , we conclude that x + is zero on 
all inner classes which fuse into C . 

It is now immediate that X + T 5 "(<?) = x T S ™(<?) f° r a U 9 & <->m except when 6(g) 
has cycle type 2tt, i.e., when an outer class of S n: 2 lies in the iS ra -conjugacy class 
of g. Now, if 9(g) has cycle type 2ir ^ T>~, the elements g and zg are conjugate in 
<S„, and therefore x 4 ! 5 " (g) — = x"f" id)- So let 9(g) have cycle type 2tt G T)~ 
for an element g G S n: 2- Then the two classes g s ™- 2 and (zg) Sn 2 fuse into the two 
classes g Sn and (zg) Sn , respectively. Setting e := \Cg (g) : Cg (g)\, we arrive at 
X~~\ Sn (g) = ex~ (g) = — ex + (.?) = X 4 T S "( z .9)j as the extensions x + an d X - fulfill 

x- (g) = -x + (<?)• □ 

In the light of Lemma 4.10 it is not surprising that either both induced extensions 
(</!> <E> Z <t l >) + an d (</x> ® z <M>)~ are irreducible, or both are not. 

Corollary 4.11. Under the hypothesis of Lemma 4-10 the character x^ 1 ^" * s irre- 
ducible if and only if x^t 5 " is irreducible. 
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Proof. By Lemma 4.10 the induced characters x + | 5 " and x t^" have the same 
norm. □ 

Lemma 4.12. Let fj, G T> m . The spin character <(j,><g><fi> contains (at least) two 
non-associate, distinct constituents or one constituent with multiplicity four, except 
when to = 3 and fi = (2,1), or to = 6 and fi = (3,2,1). In these cases we have 
<2,1><K><2,1> = 2<4,2> and <3, 2, 1>®<3, 2, 1> = 2(<6, 4, 2> + <6, 4, 2> a ). 

Proof. Taking A = 2/i yields a constituent <A> of </i><g><yU>, and the factor 
2 i(M0i)-i(A)) in f ormu i a (*) f 3.1 simplifies to 2^W. Note that = 1 since 

yU U yU is an even partition. If £((/,) > 4 then the coefficient 25^) J- in (*) is at 
least 4. If £(/i) = 1, i.e., /u = (m) for some m > 2, then (2m — 1, 1) yields a second 
constituent not associate to <2m>. If £(fi) = 2 then A = 2/j, is an even partition 
and the factor 2 appears in formula (*). Hence, we may assume st(2/z;/i, (j,) = 1. 
By [2, Theorem 2.2] this leaves fj, = (2, 1), and the corresponding projective outer 
product is 2<4, 2>. If £(fi) — 3 an analogous argument gives fi = (3, 2, 1), and we 
have <3, 2, 1>®<3, 2, 1> = 2(<6, 4, 2> + <6, 4, 2> a ). □ 

Corollary 4.13. If n = 6 and /i = (2, 1) we have (<fi> ® z <^>) + }^ = {<H> ® z 
</i>) _ t Se = <4, 2> e Irr_(<Se). In all other cases, both (</i> ® z </i>) + and 
(</i> (8> z </i>) _ of Irr_ (5 n: 2) induce reducibly to S n 

Proof. We have < / u>®< / u> = (</i> (g) 2 < y u>) + t 5 " + (<//> ® z </x>)~f § ". By 
Corollary 4.11 either both extensions induce irreducibly, or both do not. The only 
possibility for (i such that </i><8></i> has norm 2 is given by Lemma 4.12 to be 
M=(2,l). □ 

With the help of Lemma 2.5, Lemma 4.2 and Corollary 4.13 we may readily iden- 
tify all imprimitive faithful characters of S n , and state the corresponding maximal 
subgroups which occur as their block stabilizers. For convenience, we summarize 
our current standing in the following corollary. 

Corollary 4.14. Let <A> be an imprimitive spin character of S n . Then 

(i) A G T>n > an d * s the induced of either constituent of <A>j / j , i.e., A n 
is a block stabilizer. 

Furthermore, 

(ii) if A — (to + 1, to — 1, . . . , 1) G T>^ for to = 2, 3 (mod 4), then the subgroup 
<S„_i is also a block stabilizer, as <A> = </j>f S " for the partition /i = 

(TO, TO - 1, . . . , 1) G £>"_!• 

And in particular, 

(hi) if n — 6 then <4, 2> is the induced of an irreducible character of degree 
2 of S n -2 = 3 2 : Qs ■ 2, and if n = 9 £/ien <6, 2, 1> is an induced linear 
character of order six of the subgroup 2 x £2(8) : 3. 

In order to prove Theorem 1.1, we have to verify the minimality of the triples 
given. As this involves information on the imprimitive faithful characters of A n , 
we make use of our results in Section 5. Note that these are independent of Theo- 
rem 1.1. 



Proof of Theorem 1.1. With the help of Corollaries 4.14 and 5.6 we recursively 
trace an imprimitive character to a subgroup from which it is induced until we find 
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a minimal triple. Let A G If a constituent of <A>j^ were an imprimitive 

character of A n , then A would be an odd partition, or one of the exceptional cases 
would hold by Corollary 5.6. Hence the triples of Part (i) of Theorem 1.1 are 
minimal. If A is as in Case (ii) of Corollary 4.14, then <S n _i is another block 
stabilizer, and <A> is the induced of a not-self-associate spin character of this 
group. The latter cannot be imprimitive by Corollary 4.14. Note that if n = 4, 
then fj, = (2, 1) and </x> is linear. This proves the minimality of the triples in 
Case (ii) of Theorem 1.1. Lastly, we have to consider the exceptional cases of Part 
(iii) of Corollary 4.14: With GAP it is elementary to check that the character of 
degree 2 of 3 2 : Qs '■ 2 which induces to <4, 2> is in fact an induced linear character 
of 3 2 : 8, giving the claimed minimal triple. Likewise, we confirm the minimality of 
the remaining triple. □ 

It is now immediate which irreducible spin characters of S n are monomial. 

Corollary 4.15. Let \ G h~r_(<S„) be an imprimitive monomial spin character. 
Then we have 

(i) n — 4 and \ = <3, 1>, or 

(ii) n = 6 and \ = <4, 2>, or 

(iii) n = 9 and x = <6, 2, 1>. 

Proof. Going through our list of minimal triples (H, cp, x) in Theorem 1.1, we deter- 
mine which ip are linear. For n > 4 there are no faithful non-trivial linear characters 
in Irr_(^4„). In Case (ii) of Theorem 1.1 the partition fi = (to, m—1, . . . , 1) of n— 1 
is an odd staircase. Hence, if m > 3, then the degree of </i> is at least two. Only 
if m = 2 the resulting spin character </i> = <2, 1> is linear. The exceptional 
imprimitive characters of Parts (iii) and (iv) are evidently monomial. □ 

5. The Alternating Groups 

Using the results of the previous section, we may now determine the irreducible 
spin characters of A n which are induced spin characters of subgroups, with the help 
of Clifford Theory. 

In analogy to Section 4, we have two types of maximal subgroups to consider: 
On the one hand there are the intersections with the preimages of the maximal 
parabolic subgroups of S n , i.e., the subgroups Ai. n -i '■= Si, n -i n A„- On the other 
hand there are the subgroups A n -.2 '■= <Sn-.2 H A„ - 

5.1. Characters Induced from Ai, n -i- We begin by considering the spin charac- 
ters of the subgroups Ai :U -i. With the help of Lemma 4.2 it is now straightforward 
to determine which characters induce irreducibly. 

Lemma 5.1. A faithful irreducible character x of A n is induced from a subgroup 
•M,n-l "if and only if I = n — 1, in other words Ai. n -i = A„-i, and x = <A>i^ 
with A = (to + 1, to — 1, to — 2, . . . , 1) G T> n for some to G N with to = or 
1 (mod 4). In this case x * s the induced of either constituent of </i>| / [ l with 
n = (TO, TO- 1,. ..,1) e 

Proof. Let a be a spin character of A n ~i.i such that of" 4 " is irreducible. If ctf n = 
<A> is irreducible, so is of 5 ''"-'. Therefore by Lemma 4.2 we have I = n— 1 and 
dr n_1 = <//> for some /i G Hence at 5 " -1 is not self-associate, which is a 
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contradiction. Therefore of 5 " = <A> + <A> a for a not self-associate character 
<A> G Irr_(<S„). 

Let l,n — I > 1. Suppose at 5 "-'-' is irreducible. Then Lemma 4.2 forces I = 3 
and d\ Sn ^ 3 ' 3 is not self-associate, giving again a contradiction. Therefore of 5 ™-'-' = 
ip + ip a for a not self-associate ip G Irr_( l S„_;,;), and (/? induces to <A> or <A> a . 
By Lemma 4.2 this is impossible if I, n — I > 1. 

So let i = n — 1 and suppose that of 5 "- 1 = </i> for some /i G 2?n-i- Hence 
</x>t s " = <A> + <A> a , so by the Branching Rule we obtain /i = (to, to — 1, . . . , 1) 
where m = 2,3 (mod 4). On the other hand, if of 5 "- 1 is reducible, i.e., alf™- 1 = 
</i> + </i> a for some [i G V~, we obtain again that </z>r" induces to cither 
<A> or <A>, and thus by Lemma 4.2 the partition A is even, giving another 
contradiction. □ 

5.2. Characters Induced from A n -.2- Let n = 2m, where m > 2. By Clifford 
Theory, an irreducible character a G Irr_(.4 m)TO ) is either invariant under conjuga- 
tion in An-.2 or its inertia subgroup is A m ,m- In the first case it is dp n:2 = a + +a~ 
for two extensions of a to A n -.2- In the second case a := a\ An:2 is irreducible. 

The following result is an immediate consequence of Corollary 5.1. 

Lemma 5.2. For a G Irr_(^4„ : 2) the induced character a !" 4 " is always reducible. 

We now consider the case when the inertia subgroup of a G Irr_(*4 m . m ) is A n: 2, 
and obtain an analogue to Corollary 4.11. 

Lemma 5.3. Let a G Jn—(Am,m) be invariant under the action of A n -.2, i-e., 

of n ' 2 = a + + a~ for two extensions a + , a~ of a to A n -.2- Then c^ m ' m G 
Irr_(<S mim ) is invariant in S n: 2, and we have a+j 5 " = a" f 5 ™. 

Proof. First, we note that dp n:2 = a + ^ Sn:2 + oj~p" :2 and both summands are self- 
associate. Assume that a is invariant in S m ^ m . Then we have of" 5 ™'"* = ip + 
t/i" for some irreducible not self-associate -0 G Irr_(5 m . m ) by [8, Theorem 5.10]. 
Say %j) = </i> <£> z <^> for some /j,, v G 2? m with er(/i) 7^ In particular, 

neither -0 nor -0° are invariant in 6>„ : 2. Therefore, both ip^ n '- 2 and (0 a )f s " :2 = 
(^f 5 "^)" are irreducible. By the initial decomposition of of 5 " 12 both constituents 
are self-associate, so ip^"'' 2 = ( - 0T S ' l:2 ) a - But by Corollary 4.8 <fx> ® z <v> and 
either <v> <g> 2 </i> or {<u> ® z <fi>) a are the only constituents of V'T S " :2 !,s m m > 
a contradiction. Therefore a is not invariant in S m ^ m and oif 15 '" ™ is irreducible 
and invariant under the conjugation action of S n: 2- As a^f 5 '^ 2 and a~ J \ Sn -' 2 are 
self-associate the equality a +A i Sn = follows from Lemma 4.10. □ 

Corollary 5.4. Under the hypothesis of Lemma 5.3 we have that a+] A " is irre- 
ducible if and only if ct~] An is irreducible. 

Proof. Without loss of generality let a + ] An be irreducible. Induction to iS„ gives 
that either a^j 5 ™ is irreducible, which forces oT\ An to be irreducible too by Lemma 

5.3, or a^f n = <A> + <A> a for some A G T>~. Were a~] An not irreducible in the 
latter case, it would have two constituents inducing irrcducibly to cither <A> or 
<A>". But then <A> would be self-associate, giving a contradiction. □ 

Corollary 5.5. Let the hypothesis of Lemma 5.3 hold. The characters a + t" 4 " and 
a~~\ n are irreducible if and only if n = 6 and of 53 ' 3 = <2, 1> ® 2 <2,1>. Ln 
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this case, the characters a + ^ Ae and a ^ Ae> are the two conjugate constituents of 
<4,2>U 6 . 

Proof. Let a + ^ An , and therefore by Corollary 5.4 also a~1 An , be irreducible. By 
Lemma 5.3 we have a^' 1 = a^ Sn and a is a constituent of (<yU> ® z <A f >)l^ 
for some /j, £ T> m . As a" 1 "! 5 ™ is either irreducible or the sum of an associate pair 
of characters, Lemma 4.12 gives that /i is either (2,1) or (3,2,1). But if \i = 
(3, 2, 1), both constituents of (</i> ® z <M>)I^4 6 6 are n °t invariant in An.i, hence 
induce irreducibly to a . This leaves the case n = 6 and [i = (2, 1) in which both 
constituents of {<^>® z <M>)Ia 3 3 are invariant in Aq-2. In this case the extensions 
a + and a" induce to the two conjugate constituents of <4, 2>j^ . □ 

In analogy to Corollary 4.14, we summarize the conclusions of Lemma 2.5, 
Lemma 5.1, and Corollary 5.5 in the following corollary. 

Corollary 5.6. Let x be o,n imprimitive spin character of A n . Then 

(i) x i- s the restriction to A n of the not-self-associate spin character <A> of 
S n with A = (m + 1, m — 1, m — 2, . . . , 1) for some m = 0, 1 (mod 4). It 
is the induced of either constituent of <m, m — 1, . . . , l>ii and hence 
A n -i is a block stabilizer. 

Additionally, we have the following exceptions: 

(ii) If n = 6 then x is either constituent o/<4, 2>j^ . Both are induced exten- 
sions to Aq-2 — 3 2 : 8 of linear characters of the subgroup ^3,3 = 3 2 : 4 of 
order four. 

(hi) If n = 9 then x is either constituent of <6,2,l>|^ g . Both are induced 
linear characters of order six of the subgroup 2 x L2(8): 3 

With the help of Corollary 5.6 it is now straightforward to establish the veracity 
of the claims made in Theorem 1.2. 

Proof of Theorem 1.2. If A is as in Case (i) of Corollary 5.6, then the staircase 
partition (m,m — 1, . . . , 1) of n — 1 is an even partition. Hence the constituents 
of <m, m — 1, . . . , 1> are not imprimitive, giving the minimality of the triples in 
Part (i) of Theorem 1.2. The minimality of the exceptional triples is immediate, as 
the corresponding imprimitive characters are monomial. □ 

Going through the list of minimal triples (H,(p,x) in 1-2 we can easily identify 
the monomial characters of A n . 

Corollary 5.7. Let x £ Irr_(^4 n ) be an imprimitive, monomial faithful character. 
Then 

(i) n = 6 and x is a constituent of <4, 2>|_^ g , or 

(ii) n — 9 and x is a constituent of <6, 2, l>|_4 g ■ 

Proof. The constituents of </i>|_4 1 for [i = (m, m — 1, . . . , 1) G T^n-i with m ^ 4 
have degree at least 4. On the other hand, we have already mentioned, that the 
characters ip of the exceptions (ii) and (iii) of Theorem 1.2 are linear. □ 
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5.3. The Sixfold Covers of A§ and A7. As we have pointed out in the introduc- 
tion, the Schur covers of the alternating groups A§ and A7 are sixfold covers (see [8, 
Theorem 2.11]) in contrast to the double covers we have considered so far. Hence 
to complete our classification of the imprimitivc faithful characters, we still have 
to consider the non-split extensions 6Ae and 6IA7. For the sake of completeness we 
will also consider the triple covers 3Aq and 3147 . 

The characters and the maximal subgroups of the groups considered are given 
in the ATLAS [4] or in the GAP character table library. In the sequel, if the 
character table of a group is given in the ATLAS, we denote its characters as they 
are denoted there. Note that, as in each of the ATLAS tables considered, of a pair 
of complex conjugate faithful characters only one member is printed, by a slight 
abuse of notation, more than one character may have the same label. Here we 
distinguish these characters by writing x f° r the character whose proxy is x- 

In the case of QA§ we deduce from the character degrees that any faithful im- 
primitivc character is necessarily induced from a maximal subgroup isomorphic to 
3 x As- Indeed, an analysis of the character table of this group with GAP shows that 
each faithful character of degree two induces to either X21 or X22 (or its complex 
conjugates). Since there is no maximal subgroup of 3 x ^5 of index two, this yields 
minimal triples in the sense of Theorems 1.1 and 1.2. 

By the same arguments in the case of 3.4.6, we have two isomorphism types of 
maximal subgroups to consider: For 3 x A5 the two non-trivial linear characters 
induce irrcducibly to give both faithful characters xm an d Xie- Further imprimitivc 
characters arise by inducing both linear characters of 3 x £4 which have order six. 
This yields xi8 and Xi8 of 3146 ■ 

Our treatment of 6A7 and 3147 is the same: Again by examining the character 
degrees of 6A7, we conclude that no faithful character is imprimitivc. The situation 
is somewhat different for 3147, however. Here we have three isomorphism types of 
maximal subgroups to consider which contribute to imprimitivc characters of 3^7: 
Inducing any faithful character of degree 3 of 3Ae gives an irreducible character 
of degree 21. More precisely, both characters X14 an d X15 of 3^6 induce to the 
character X21 of 3^7. This again yields minimal triples, since there is no maximal 
subgroup of 3Ae of index 3. Also, the characters X20 and X20 of 3147 are induced 
linear characters of order six of 3 x ^5. And lastly, the faithful characters X19 
and X19 °f 3147 are induced non-trivial linear characters of a maximal subgroup 
isomorphic to 3 x L 2 (7). 

We summarize the above in the following theorem. 

Theorem 5.8. For 3A§ the minimal triples (H,ip,x) are as follows: 

(i) H = 3 x ^5, ip is a non-trivial linear character, and x is either xie or Xi6- 

(ii) H — 3 x 54, ip is a linear character of order six, and x is X18 ° T Xi8- 
For 3A7 we have 

(i) H = 3A 6 , if G {xi4,Xi5}, and x = X21, or if G {xi4,Xis} and x = X~2l- 

(ii) H = 3 x £5, if is a linear character of order six, and x is either X20 or X20- 
(hi) H = 3 x £2(7) > f is a non-trivial linear character, and x is X19 or xw- 

For 6Ae we have 

(i) H = 3 x A§, if has degree two, and x is either X21 or X22 or one of their 
complex conjugates. 

None of the faithful ordinary characters of 6A7 are imprimitivc 



IMPRIMITIVE FAITHFUL CHARACTERS 



1!) 



Acknowledgment. The authors are indebted to Kay Magaard and Gerhard Hiss 
for many helpful discussions on the subject. 

References 

[1] M. Aschbacher, 'On the maximal subgroups of the finite classical groups.' Invent. Math. 76 
(1984) 469-514. 

[2] Christine Bessenrodt, 'On multiplicity-free products of Schur P-functions.' Ann. Comb. 6 
(2002) 119-124. 

[3] F. Rudolf Beyl and JijRGEN Tappe, Group extensions, representations, and the Schur 
multiplicator, vol. 958 of Lecture Notes in Mathematics (Springer- Ver lag, Berlin, 1982). ISBN 
3-540-11954-X. 

[4] J. H. Conway, R. T. Curtis, S. P. Norton, R. A. Parker and R. A. Wilson, Atlas 
of finite groups (Oxford University Press, Eynsham, 1985). ISBN 0-19-853199-0. Maximal 
subgroups and ordinary characters for simple groups, With computational assistance from J. 
G. Thackray. 

[5] Dragomir Z. Djokovic and Jerry Malzan, 'Imprimitive irreducible complex characters of 

the symmetric group.' Math. Z. 138 (1974) 219-224. 
[6] Dragomiz Z. Djokovic and Jerry Malzan, 'Imprimitive, irreducible complex characters of 

the alternating group.' Canad. J. Math. 28 (1976) 1199-1204. 
[7] The GAP Group, GAP - Groups, Algorithms, and Programming, Version 4-4-10, (2007). 

(http: //www .gap-system. org) . 
[8] P. N. Hoffman and J. F. Humphreys, Projective representations of the symmetric groups. 

Oxford Mathematical Monographs (The Clarendon Press Oxford University Press, New York, 

1992). ISBN 0-19-853556-2. Q-functions and shifted tableaux, Oxford Science Publications. 
[9] Gordon James and Adalbert Kerber, The representation theory of the symmetric group, 

vol. 16 of Encyclopedia of Mathematics and its Applications (Addison- Wesley Publishing 

Co., Reading, Mass., 1981). ISBN 0-201-13515-9. With a foreword by P. M. Cohn, With an 

introduction by Gilbert de B. Robinson. 
[10] Peter Kleidman and Martin Liebeck, The subgroup structure of the finite classical groups, 

vol. 129 of London Mathematical Society Lecture Note Series (Cambridge University Press, 

Cambridge, 1990). ISBN 0-521-35949-X. 
[11] Peter B. Kleidman and David B. Wales, 'The projective characters of the symmetric 

groups that remain irreducible on subgroups.' J. Algebra 138 (1991) 440-478. 
[12] Martin W. Liebeck, Cheryl E. Praeger and Jan Saxl, 'On the O'Nan-Scott theorem for 

finite primitive permutation groups.' J. Austral. Math. Soc. Ser. A 44 (1988) 389—396. 
[13] Daniel Nett, 'Imprimitive Spincharaktcre von Ubcrlagcrungsgruppen der symmetrischen 

und altcrnicrendcn Gruppen.' Diploma's thesis, RWTH Aachen University, (2007). 
[14] I. SCHUR, 'Uber die Darstcllung der symmetrischen und der alternierenden Gruppe durch 

gebrochene lineare Substitutionen.' J. Peine Angew. Math. 139 (1911) 155-250. 
[15] John R. Stembridge, 'Shifted tableaux and the projective representations of symmetric 

groups.' Adv. Math. 74 (1989) 87-134. 

Lehrstuhl D fur Mathematik, RWTH Aachen University, 52056 Aachen, Germany 
E-mail address, D.N.: Daniel.NettOmath.rwth-aachen.de 

E-mail address, F.N.: Felix.NoeskeOmath.rwth-aachen.de 



